New solutions to the wave equation have been shown to exhibit enhanced localization and energy fluenee characteristics. The transmission and reception of these localized waves create unique problems, since they are essentially transient wave fronts in both time and space. Nonetheless, the ability to transmit wave energy through space with these interesting properties has many potential applications in a variety of applications areas. To realize their potential, new methods must be developed to analyze and process these waves. In this paper, approaches to design receiving arrays to reconstruct these special transient waves from noisy measurement data are discussed.
INTRODUCTION
The propagation of spatiotemporal acoustic signals in water, for instance, is characterized by wave-type phenomenology satisfying the scalar wave equation. Recently, interest has been kindled into the possibility of transmitting wave energy in nonstandard manners. This has resulted from the discovery of pulses and their superpositions that exhibit enhanced localization and energy fluenee characteristics. 1-6 The design of arrays to receive these space-time pulses is the subject of this paper from a signal processing perspective.
We call a pulse with these enhanced localization and energy fluenee characteristics a localized wave (LW). It has been demonstrated that LW solutions are possible in many real physical systems 3-s and that the fields launched by driving arrays with these LW pulses exhibit these enhanced localization and energy fluenee characteristics. 3'6-a This LW effect has been confirmed experimentally with an ultrasonic array in water. 7'a In terms of transmitting arrays, typical continuous wave (cw) driven apertures use various types of phasing schemes to achieve focusing and beamforming. On the other hand, the LW pulse driven arrays require independently addressable elements--<tifferent time signals are launched from different spatial positions in the array. The result is a spatially weighted set of spectra that creates a moving space-time interference pattern that moves away from the array. These LW pulse driven arrays have a vast number of potential applications including microscopes and telescopes with extremely high depths of field, low-loss power transmission, secure communications, remote sensing, and directed energy weapons which explains the wide range of military and industrial interest. However, to realize the potential of this technology, one must be able to receive these signals as well as transmit them. This leads to a large class of new signal processing issues that we will begin to address below.
To simplify the discussion, we will be concerned only with a specific class of the LW solutions to the scalar wave a• Present address: Dept. of Elec. and Computer Eng., Univ. of Arizona, Tuscon, AZ 85721. equation--the so-called modified power spectrum (MPS) pulse. This also limits the direct impact of our results primarily to acoustic wave propagation. Analogous vector wave considerations are necessary to achieve similar results for electromagnetic arrays and fields. Our goal is to design sampling arrays capable of reconstructing the MPS pulse from noisy measurement data. This problem is complicated because this pulse is a transient in both time and space leading to a broadband response in both the spatial and temporal frequency domains. First, we will analyze the properties of this pulse that will be useful in limiting the class of arrays to be investigated. This will be discussed in Sec. I. In Sec. II, we will investigate various candidate array designs based on properties of the LW signals and evaluate their performance in reconstruction. We will include information on their performance in the noisy case as well. We will summarize our findings and make suggestions for future research efforts in Next, we analyze the properties of LW from a signal processing perspective. We investigate the temporal spectra of the MPS pulse, first at the peak of the temporal response. This point corresponds to the maximum of the response within the Gaussian, central portion of the pulse. Second, we will deal with the minimum or tail-dominant part.
We first categorize the overall spectral analysis of the MPS pulse as viewed through a finite linear aperture whose diameter is 2.5 m. We choose a line array of 101 elements spaced I cm apart in order to provide enough spatial resolution to observe the major features of the MPS pulse as well as its spectral content. A simulation using Eq. (8) structure with varying center frequencies and bandwidths. We summarize these properties of the MPS pulse in Table I . Next we analyze the correlation properties of the LW solutions assuming a purely random (white) noise field. In particular, we define a random function, say f, as a one-dimensional, time-varying, random field in three-dimensional We have used apertures larger in size than one would use in practice for a given MPS pulse to allow for a complete characterization of the corresponding spatial correlations and spectra. The MPS truth pulse is again observed through a uniformly spaced line array of 101 sensors but here with a 1.0-m-diam aperture. The space-time wave at z = 0 for I01 temporal samples at a uniform interval of At = 0.2/as is shown in Fig. 3 (a In this section, we will consider a more conservative approach, the design of spatial filters for certain bandwidths. We will introduce the concept and the design of sampling As stated previously, our main goal is to investigate designs that can be used for the reception of localized waves. The constraints on sampling array designs for localized waves are based on the property that they minimize spatial aliasing and enable reconstruction of the LW at the receiver. We limit our discussion to designs specifically for the MPS pulse. Recall the following properties of the MPS pulse that will affect our design: ( 1 ) Table L B. Array design concepts With these constraints of symmetry and spectra in mind, we have investigated the design of two-dimensional (2-D) sampling arrays situated along the axis of propagation (z axis). Since the MPS pulse is circularly symmetric, sensors placed on different radii emanating from the origin will uniquely sample it. However, in a more practical sense, when noise is present it becomes necessary to have sensor redundancy to help enhance signal-to-noise ratio (SNR). The sampling array design procedure we have employed is to (1) select the candidate design; (2) determine its spatial bandwidth properties; (3) reconstruct the LW from its spatial samples; and (4) compare the reconstructed LW with the "truth" LW simulated by a line array with identical spacing. For our reconstruction problem, we simulate the MPS truth pulse using the parameters of Table I Fig. 6(a) . Again note that we maintain the redundancy properties of the coincentrie design, but obtain a much broader pattern.
Euclidean space and time such thatf(x,.v,z,t) =f(E,t). The

If the spatially and temporally sampled wave is observed through a discrete 2-D array, then p--,p/ and f{E•,tk )-.f(t•t,z, tk ). Thus the corresponding s_patiotem-poral correlation function i_s given by Rjf(t•t,t•t,t•,tk ) and in the stationary case by R•r(•,rn).
Our final design is also considered to be frequency independent. It is the so-called log-spiral array. In this design we distribute the sensors in the array logarithmically on a spiral with the initial sensor location at Po ( wherep is the radius from the spiral origin to the sensor. The terms Po and PL are bounding circles of the array defining (according to the Nyquist sampling constraints) its minimum and maximum radii, respectively. The constant b is the spiral rate constant: b = (l/p)(dp/dq•). Note that this log-spiral design offers some desirable features based on the MPS properties. Besides the broadband response shown by the pattern in Fig. 6(b) , it enables "unique" sampling of the MPS pulse. This sampling property is very useful in a high SNR environment. Many sensors are located around the origin providing a large number of samples of the Gaussian-like center portion of the pulse whereas fewer sensors are located along the array extremities to sample the low-frequency MPS tails.
C. Array sampling properties
Having completed the discussion of the various candidate designs selected, we now consider the capability of these These terms are estimated using the usual statistical sampling techniques. The error is calculated by comparing the reconstructed pulse to the "truth" pulse generated at the same spatial sampling interval used by the interpolator. A typical reconstruction estimate for the square array is shown in Fig. 8 . Here, we see the reconstructed MPS pulse. Comparing with the truth pulse in Fig. 5 , we note the similarity in structure. Observing the error surface and the corresponding Fourier spectrum, we first note that the majority of the error for the square array occurs in the reconstruction of the Gaussian-like portion of the MPS pulse. This is located at the center of the error contour in Fig. 8(c) and corresponds to the high frequencies of the wave-number spectrum contour. In contrast to this square array reconstruction, we observe the log-spiral array results in Fig. 9 . As expected, since the log spiral has many unique spatial samples of the Gaussian-like portion of the MPS pulse, most of the associated reconstruction error is located in the tail regions. This is illustrated by the error contour in Fig. 9(c) Recall that N o is the number of unique spatial samples (in radii). After processing, the reconstruction is performed as before using the interpolator. The results for the square array are also shown in Fig. 10(c) 
III. SUMMARY
Various designs of arrays to sample and reconstruct transient waves from noisy measurement data have been developed. Particular applications of these sampling array designs were applied to LW pulse reconstruction in noiseless and noisy environments. Using properties of the particular wave function under investigation, it has been shown that log-periodic designs coupled with a spatial interpolation scheme can satisfactorily reconstruct the desired wave. When noise is present, it was shown that redundant sensors can be used to improve the SNR and therefore array performance. Future work will investigate coupling the advantages of both design concepts into distinct sets of subarrays When noise is present, however, it is necessary to per-•,, form some signal processing to achieve satisfactory performance. For instance, observe in Fig. l0 in a larger array thereby achieving the optimum performance. We will also try to demonstrate that improved performanee can be attained by using interpolators incorporating the wave model '2 into the reconstruction process even in a noisy environment.
